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Abstract 

We prove interior Holder estimates for the spatial gradient of viscosity solutions to the 
parabolic homogeneous p-Laplacian equation 

ut = \Vu\^-P div(|VM|P"Vu), 

where 1 < p < oo. This equation arises from tug-of-warASkt stochastic games with noise. It 
can also be considered as the parabolic p-Laplacian equation in non divergence form. 


1 Introduction 

For 1 < p < oo, the p-Laplacian equation 

ApU := div(|Vu|^“^Vtt) = 0 (1.1) 

is the Euler-Lagrange equation of the energy funetional 

1 [\Vu(x)\^dx, (1.2) 

P J 

where V and div are the gradient and divergenee operators in the variable x G M”. It is a elassieal 
result that every weak solution of (1.1) in the distribution sense is for some a > 0. This 
result and its various proofs ean be found in, e.g., Ural’eeva [50], Uhlenbeek [49], Evans [12], 
DiBenedetto [8], Eewis [34], Tolksdorf [48] and Wang [51]. 

The negative gradient flow of the energy funetional (1.2) takes the form of 

Ut = div(|Vu|P-2vri). (1.3) 

Holder estimates for the spatial gradient of weak solutions to (1.3) were obtained by DiBenedetto 

and Eriedman in [10] (see also Wiegner [53]), and we refer to the book of DiBenedetto [9] for an 
extensive overview on (1.3) and more general eases. 
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The equation above eomes from a variational interpretation of the p-Laplaeian operator. This 
is not the equation we study in this work. Our equation is motivated by the stoehastie tug of war 
game interpretation of the p-Laplaeian operator given by Peres and Sheffield in [41]. Sueh time 
dependent stoehastie games will lead not to (1.1), but rather the equation 

ut = \Vu\^-P div(|Vn|^’“2Vn). (1.4) 

This derivation is presented in Manfredi-Parviainen-Rossi [37]. The equation (1.4) ean also be 
written as 

Ut = {Sij + {p- 2)\Vu\~‘^UiUj)uij, (1.5) 

where the summation eonvention is used. Through (1.5), one ean view the equation (1.4) as the 
parabolie p-Laplaeian equation in non divergenee form. 

The majority of the previous work on elliptie and parabolie p-Laplaee equation rely heavily on 
the variational strueture of the equation. The equation (1.4) does not have that strueture. Therefore, 
we must take a eompletely different point of view using tools for equations in non-divergenee 
form. To begin with, our notion of solution would be a viseosity solution instead of a solution 
in the sense of distributions. Thus, this work has hardly anything in common with the more 
classical results about regularity for p-Laplacian type equations. We use maximum principles and 
geometrical methods. 

Our work concerns the equation (1.4) for the values of p G (1, +oo). In this case, the exis¬ 
tence and uniqueness of viscosity solutions to the initial-boundary value problems for (1.4) have 
been established in Banerjee-Garofalo [1] and Does [11], where they also proved the Lipschitz 
continuity in the spatial variables and studied the long time behavior of the viscosity solution. 
These properties were further studied in [2, 3, 26] for (1.4) or more general equations. Manfredi, 
Parviainen and Rossi studied the equation (1.4) as an asymptotic limit of certain mean value prop¬ 
erties which are related to the tug-of-war game with noise originally described in [41], when the 
number of rounds is bounded. One may find more resulfs on the tug-of-war game with noise and 
the p-Laplacian operators in, e.g., [28, 33, 36, 38, 42, 43, 44]. 

Even though all published work about the equation (1.4) appeared only in recent years, we 
have seen an unpublished handwritten note by N. Garofalo from 1993 referring to this equation. 
In that note, there is a computation which leads to the result of Lemma 3.1 in this paper. This 
is, up to our knowledge, the first time when it was recognized that the equation (1.4) should have 
good regularization properties. 

It is interesting to point out what our equation represents for p = 1 and p = -|-oo, even though 
these end-point cases are not included in our analysis. They appeared in the literature much earlier 
than (1.4). In these two cases, it is clear that the parabolic equation in non-divergence form (1.4) 
is more important and better motivated than (1.3). 

When p = 1, the equation (1.4) is the motion of the level sets of u by its mean curvature, 
which has been studied by, e.g., Chen-Giga-Goto [6], Evans-Spruck [17, 18, 19,20], Evans-Soner- 
Souganidis [16], Ishii-Souganidis [24] and Colding-Minicozzi [7]. A game of motion by mean 
curvature was introduced by Spencer [47] and studied by Kohn and Serfaty [29]. 

In another extremal case p = -|-oo, it becomes the evolution governed by the infinity Lapla- 
cian operator. The infinity Laplacian operator Aoo defined by Aooit = '^ijUiUiUij appears 
nafurally when one considers absolutely minimizing Lipschitz extensions of a function defined on 
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the boundary of a domain. Jensen [25] proved that the absolute minimizer is the unique viseos- 
ity solution of the infinity Laplaee equation AooU = 0, of whieh the solutions are usually called 
infinity harmonic functions. Savin in [45] has shown that infinity harmonic functions are in fact 
continuously differentiable in the two dimensional case, and Evans-Savin [14] further proved the 
Holder continuity of their gradient. Later, Evans-Smart [15] proved the everywhere differentia¬ 
bility of infinity harmonic functions in all dimensions. A game theoretical interpretation of this 
infinity Laplacian was given by Peres-Schramm-Sheffield-Wilson [40]. Einite difference methods 
for the infinity Laplace and p-Laplace equations were studied by Oberman [39]. The parabolic 
equation (1.4) in this extremal case p = oo has been studied by, e.g., Juutinen-Kawohl [27] and 
Barron-Evans-Jensen [4]. 

Our notion of solutions to (1.5) is the viscosity solution, which will be recalled in Definition 
2.8 in Section 2. Eor 1 < p < oo, one observes that 

min(p — 1,1)/ < Sij + {p — ‘2)qiqi\q\~‘^ < max(p — 1,1)1 for all q G M” \ {0}, 

where I is the n x n identity matrix. Therefore, the equation (1.5) is uniformly parabolic. It 
follows from the regularity theory of Krylov-Safonov [31] that the viscosity solution u of (1.5) is 
Holder continuous in the space-time variables. As mentioned earlier, Banerjee-Garofalo [1] and 
Does [11] proved that the solution u is Lipschitz continuous in the spatial variables. Whether or 
not the spatial gradient Vn is Holder continuous was left as an interesting open question. 

In this paper, we answer this question and prove the following interior Holder estimates for 
the spatial gradient of viscosity solutions to (1.5). 

Theorem 1.1, Let u be a viscosity solution of (1.5) in Qi, where 1 < p < oo. Then there exist 
two constants a G (0,1) and C > 0, both of which depends only on n and p, such that 




Also, there holds 


sup 

(x,t),(a;,s)eQi/2 


u{x, t) — u{x, s)| 


|f — S 


1 + a 
2 




Here, Qr = Br x (—r^,0] is denoted as the standard parabolic cylinder, where r > 0 and 
Br C is the ball of radius r centered at the origin. Combining those two estimates in Theorem 
1.1, we have that 


\u{y,s) - u{x,t) - Vu{x,t) ■ {y - x)| < C\\u\\L<^(^Q^){\y -x\ + y/|f - 
for all {y,s),{x,t) G Qi/2- 

The equation (1.5) is quasi-linear, and {dij + {p — 2)\Vu\~‘^UiUj) can be viewed as the co¬ 
efficients of the equation. Note that these coefficients have a singularity when Vn = 0. This 
is what causes the main difficulties in the proof of our main result. The only thing in common 
with previous proofs of (7^’“ regularity with equations of p-Laplacian type is perhaps the general 
outline of steps necessary for the proof. The oscillation of the gradient is reduced in a shrinking 
sequence of parabolic cylinders. The iterative step is reduced to a dichotomy between two cases: 
either the value of the gradient Vtt stays close to a fixed vecfor e for mosf poinfs (x, t) (in mea¬ 
sure), or if does nof. The way each of fhese fwo cases is resolved (which is fhe key of fhe proof). 


3 



follows a new idea. Traditionally, the variational structure of the equation played a crucial role in 
the resolution of each of these two cases. The key ideas in this paper are contained in Section 4, 
especially in Lemmas 4.1 and 4.4. Lemma 4.4 allows us to apply a recent result by Yu Wang [52] 
(which is the parabolic version of a result by Savin [46]) to resolve one of the two cases in the 
dichotomy. 

In the process of proving Lemma 4.4, we obtain Lemma 4.3 which is a general property of 
solutions to uniformly parabolic equations and may be interesting by itself. It states that an upper 
bound on the oscillation osCx^Biu{x,t) for every fixed t G [a,b] implies an upper bound in 
space-time for osc(^x,t)&Bix[a,b]^{x,t). 

In future work [22], we plan to adapt the method presented in this paper to obtain the Holder 
continuity of Vtt for the following generalization of (1.4): 

ut = iVul'^Aptt. 

Here k is an arbitrary power in the range k G (1 — p, +oo). The equation generalizes both the 
classical (scalar) parabolic p-Laplacian equation in divergence form (1.3) and in non divergence 
form (1.4). 

This paper is organized as follows. In Section 2, we start by recalling some well-known 
regularity results for solutions of uniformly parabolic equations which will be used in our proof 
of Theorem 1.1, as well as the definition and two properties of the viscosity solutions of (1.5). 
We then introduce a regularization procedure for (1.5). In Section 3, we will establish Lipschitz 
estimates for the solutions u of its regularized problem. The result of Section 3 is not new, but 
we present a new proof within our context. In Section 4, we obtain the Holder estimates for Vu, 
which is the most technically challenging part and the core of this paper. Finally, Theorem 1.1 
will follow from approximation arguments, whose details will be presented in Section 5. 

2 Preliminaries 

In this section, we recall some known regularity results for solutions of linear uniformly parabolic 
equations with measurable coefficients: 


Ut - aij(x, t)dijU = 0 in Qi, (2.1) 

where aij{x, t) is uniformly parabolic, i.e. there are constants 0 < A < A < oo such that 

\I < aij{x,t) < AI for all {x,t) G Qi. (2.2) 

The first two in the below are the weak Harnack inequality and local maximum principle due to 
Krylov and Safonov. For their proofs, we refer to the lecture notes by Imbert and Silvestre [23]. 

Theorem 2.1 (Weak Harnack inequality). Let u G C{Qi) be a non negative supersolution of 
(2.1) satisfying (2.2). Then there exist two positive constants 6 (small) and C (large), both of 
which depend only on n, A and A, such that 




< C inf tt, 
Q\/2 


where Q\i 2 = -^ 1/2 (“1) “3/4). 
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Theorem 2.2 (Local maximum principle). Let u G C{Qi) be a subsolution of (2.1) satisfying 
(2.2). For every 7 > 0, there exists a positive constant C depending only on 7 , n, A and A, such 
that 

sup U < C||ii+||i7(Qi), 

Qi/2 


where u'^ = max(u, 0). 


The exact statement which we will use regarding to improvement of oscillation for supersolu¬ 
tions of ( 2 . 1 ) is of the following form. 

Proposition 2.3 (Improvement of oscillation). Let u G C{Qi) be a non negative supersolution of 
(2.1) satisfying (2.2). For every p G (0,1), there exist two positive constants r and 7 , where r 
depends only on p and n, and 7 depends only on p, n, A and A, such that if 


|{(x,f) G Qi : u > 1}| > p\Qi\, 


then 


u > 7 in Qr- 

Proof First of all, we can choose r > 0 small such that 1/r is an integer, and for ;= 
(— 1 , —9r^], there holds 




|{(x,f) G 12 : u > 1 }| > |{(x,f) G Qi : u > 1 }| - \Qi \ 12] 

> f\Qi\ - C{n)T 

where C (n) is some positive constant depending on n. Note that this choice of r depends on p and 
n only. Then, we use N cylinders qU) n 12 7 ^ 0, j = 1, 2, • • • , A^, all of which are of 

the same size as Qr, to cover 12 in the way of covering the slices (— 1 )t^, —l+fcr^] 

one by one for A: = 1, 2, • • • , 1/r^ — 9. This integer N depends only on r and n. Then there 
exists at least one cylinder, which is denoted as Qt{xo, to) = Qr + {xq, to) for some {xo,to) G 
Bi-^r X (—1 + — 8 r^], such that 

\{{x,t) G Qrixo,to) : u > 1}| > ^\Ql\, 

since otherwise. 


N N 

\{ix,t) G 12 ; u > 1}| < I lj{(x,f) G : u > 1}| < ^ |{(a;,f) G : u > 1}| < ^\Qi\, 

i=i i=i 

which is a contradiction. By Theorem 2.1, there exists m > 0 depending only on p, n, A and A 
such that 

u>m in Qr{xo,to + 2 t‘^). 

Then by applying Lemma 4.1 in [21] to m — u, we obtain that 


tt > 7 in Qr 


for some positive 7 depending only on p, n, A and A. 


□ 
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A consequence of Theorem 2.1 and Theorem 2.2 is the following interior Holder estimate by 
Krylov and Safonov [31]. 

Theorem 2.4 (Interior Holder estimates). Let u G C{Qi) be a solution of (2.1) satisfying (2.2). 
Then there exist two positive constants a (small) and C (large), both of which depend only on n, A 
and A, such that 

||w||c“(Qi/2 ) <Coscq^u 

Here, we write oscq u := sup^ u — infg u. Note that by adding or subtracting an appropriate 
constant, the estimate in the previous theorem is equivalent to 

ll^llc^iQi/a) ^ C'II«IIl°°(Qi)- 

Meanwhile, we shall also use a boundary regularity property. For two real numbers a and b, 
we denote 

aV b = max(a, b), a Ab = min(a, b). 

We also denote 

dpQr = (dBr X (—r^,0)) U [Br X {{x,t) : t = —r^}) 

as the so-called parabolic boundary of Q^. 

Proposition 2.5 (Boundary estimates). Let u G C(Qi) be a solution of (2.1) satisfying (2.2). Let 
T '*AdpQ\ let p be a modulus of continuity of p. Then there exists another modulus of 
continuity p* depending only on n, A, A, p, ||(p||x,oo(p^Q^) such that 

\u{x,f) - u(y,s)\ < p*{\x - 2/1 V s/\t - s|) 

for all (x,f), {y,s) G Qi- 

The above proposition is an adaptation of Proposition 4.14 in [5] for parabolic equations, 
whose proof will be given in Appendix B. 

Another useful result is the estimate for parabolic equations, which can be found in 
Theorem 1.9 and Theorem 2.3 of Krylov [30]. Such estimates were first discovered by F.-H. Lin 
[35] for elliptic equations. 

Theorem 2.6 (VF^’*^ estimates). Let u G C(Qi) n C‘^{Qi) be a solution of (2.1) satisfying (2.2). 
Then there exist two positive constants 5 (small) and C (large), both of which depend only on n, A 
and A, such that 

II^'*^IIl'5(Qi) + < C\\u\\L^(^Q^Q^y 

The last one we will use in this paper is a regularity estimate for small perturbation solutions 
of fully nonlinear parabolic equations, which was proved by Wang [52]. Such estimates were first 
proved by Savin [46] for fully nonlinear elliptic equations. 

Theorem 2.7 (Regularity of small perturbation solutions). Let u be a smooth solution of (2.3) in 
Qi. For each 7 G (0,1), there exist two positive constants p (small) and C (large), both of which 
depends only on 7 , n and p, such that if \u{x, t) — L(x)\ < p in Qifor some linear function L of 
X satisfying 1/2 < |VL| < 2, then 

||ri - A||c-2.7(q,/2) < C. 
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Proof. Since L is a solution of (2.3), the conclusion follows from Corollary 1.2 in [52]. □ 

Now let us recall the definition of viscosity solutions to (1.5) (see Definition 2.3 in [1]). 

Definition 2.8. An upper (lower, resp.) semi-continuous function u in Qi is called a viscosity 
subsolution (supersolution, resp.) of (1.5) in Qi if for every p G C‘^{Qi), u — ip has a local 
maximum (minimum, resp.) at (xo,to) G Qi, then 

Pt < {>,resp.)/S.p> + {p- 2)\AIip\~‘^piipjipij 

at (xo, to) when V(/9(xo, to) / 0. cind 

Pt < i>,resp.)A(p + (p- 2)qiqjpij 

for some q G Bi C at (xq, to) when Vip(xo, to) = 0. 

A function u G C(Qi) is called a viscosity solution of (1.5), if it is both a viscosity subsolution 
and a viscosity supersolution. 

In order to circumvent the inconveniences of the lack of smoothness of viscosity solutions, we 
choose to approximate the equation (1.5) with a regularized problem. For e > 0, let u be smooth 
and satisfy that 

ut = aij{Vu)uij inQi, (2.3) 

where 

aijiq) = Sij + {p- for qGM.'^. (2.4) 

This equation (2.3) is uniformly parabolic and has smooth solutions for all e > 0. Such regu¬ 
larization techniques have been used before for the p-Laplace equation in several contexts. For 
example, see [1, 17, 34]. We will obtain a priori estimates that are independent of e and finally 
show fhaf fhey apply fo fhe original equation (1.5) fhrough approximations. 

In fhe step of approximafion, we will use fhe following fwo properties on fhe viscosify solu¬ 
tions of (1.5). The firsl one is fhe comparison principle, which can be found in Theorem 3.2 in 
[ 1 ]. 

Theorem 2.9 (Comparison principle). Let u and v be a viscosity subsolution and a viscosity 
supersolution of (1.5) in Qi, respectively. Ifu < v on dpQi, then u <v in Qi. 

The second one is fhe sfabilify of viscosity solutions of (1.5). 

Theorem 2.10 (Sfabilify). Let {uk} be a sequence of viscosity subsolutions of (2.3) in Qi with 
efc > 0 that Efc — 7 - 0, and converge locally uniformly to u in Qi. Then u is a viscosity 
subsolution of (1.5) in Qi. 

Proof. We refer fo fhe proof of Theorem 2.7 in [17] or fhe second paragraph of fhe proof of 
Theorem 4.2 in [17]. □ 

To summarize, we would like fo menfion whaf each of fhese resulfs in Ibis secfion will be 
used for in our proof of Theorem 1.1. The local maximum principle in Theorem 2.2 and fhe W‘^'^ 
esfimafes in Theorem 2.6 will be used fo prove Lipschifz esfimafes. The form of improvemenf 
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of oscillation in Proposition 2.3, the interior Holder estimates in Theorem 2.4 and the regularity 
of small perturbation solutions in Theorem 2.7 are the key ingredients in our proof of the Holder 
gradient estimates. The boundary estimates in Proposition 2.5, as well as the comparison principle 
in Theorem 2.9 and the stability property in Theorem 2.10 will only be used in the technical 
approximation step, which do not affect the proof of the a priori estimates. 


3 Lipschitz estimates in spatial variables 


The interior Lipschitz estimate for solutions of (2.3) in spatial variables was essentially obtained 
before by Does [11]. Here, we will provide an alternative proof. Our proof appears much shorter 
since it uses Theorem 2.2 and Theorem 2.6, whereas, the proof given by Does [11] is based on the 
Bernstein technique and uses only elementary tools. 

The following auxiliary lemma follows from a direct calculation. We postpone its proof to 
Appendix A. 

Lemma 3.1. For a smooth solution u of (2.3) and (p := (|Vnp + 2 we have 

[dt - aij{Vu)dij)p < 0 , 

where Oij (V u) is given in (2.4). 

We now present the interior Lipschitz estimate. 

Theorem 3.2. Let u be a smooth solution of (2.3) in Qi. Then there exists a positive constant C 
depending only on n and p such that 


II^^IIl”(Qi/ 2) — +e). 

Proof Since u satisfies (2.3), it follows from Theorem 2.6 that there exist two positive constants 
5 (small) and C (large) both of which depend only on n and p such that 

Let p := (|Vrtp + e ^)2 . By Lemma 3.1 and Theorem 2.2, we have 

^ C'IIV^IIl«A(Q3/4) - ^(II^“IIl^(Q3/4) 

It follows that 

II^^IIl”(Qi/2) — C'(||w||loo(Q 4) +e). 

□ 


4 Holder estimates for the spatial gradients 

In this section, we shall prove the Holder estimate of Vrt at (0,0). By Theorem 3.2 and normal¬ 
ization, we assume that | Vrt| < 1. The idea is the following. First, we show that if the projection 
of Vn onto the direction e G is away from 1 in a positive portion of Qi, then Vn • e has 
improved oscillation in Qr for some r > 0. 

Then we analyze according to the following dichotomy: 



• If we can keep scaling around (0,0) and iterate infinitely many times in all directions e G 

then it leads to the Holder continuity of Vu at (0,0). 

• If the iteration stops at, say, the /c-th step in some direction e G This means that Vtt 

is close to some fixed vector in a large portion of Q^k. We fhen prove fhaf u is close fo some 
linear function, and fhe Holder confinuify of Vu will follow from Theorem 2.7. 

4.1 Improvement of oscillation 

Since Vu is a vecfor, we shall firsf obfain an improvemenf of oscillafion for Vu projecfed to an 
arbifrary direction e G 

Lemma 4.1. Let u be a smooth solution of (2.3) such that | Vrt| < 1 in Qi. For every 0 < £ < 1, 
// > 0, there exists r > 0 depending only on p, and n, and there exists (5 > 0 depending only on 
n,p, p and £ such that for arbitrary e G if 

|{(x,f) e Qi :Vu ■ e < £}\ > p\Qi\, (4.1) 


then 


Vu ■ e < 1 — 5 in Qj 


Proof Let be as in (2.4), and denote 

duij 

— Ik • 

dQm 

Differentiating (2.3) in x^, we have 

— Oiij{uff)ij + Oiij^rntlijiUk)^ 

Then 


Therefore, for 


we have 


For p = £14:, let 


(VU • e £f — dij (VU • e T tlij^rnttijiVu • e t^)m* 

V = \Vuf, 

Vf — dijVij Ctij^fyiUijVyyi ‘2(lijU}^iU}^j. 


w = {Vu ■ e — £ + p\Vu\‘^)^. 

Then in the region D_|_ = {{x,t) ^ Qi : w > 0}, we have 

Wf - dijWij T Clij^yYiUijWyyi ^paijU]^iU]^j . 

Since |Vtt| > ('/2 in D+, we have 

4|p- 2| 




in Ll 


+ • 
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By Cauchy-Schwarz inequality, it follows that 

wt < ttijWij + in 

for some eonstant cq > 0 depending only on p. Therefore, it satisfies in the viseosity sense that 

Wt < aijWij + in Qi. 

We can choose ci such that if we let 

w = i-e + p. p = 

and 

nJ= i(l 

then we have 

Wt > atjWij in Qi 

in the viscosity sense. Since W > supg^ w, then m > 0 in Qi- 

If Vu ■ e < £, then m > (1 — Therefore, it follows from the assumption that 

|{(x,f) e Qi : w > {1 - > p\Qi\. 

By Proposition 2.3, there exist r > 0 depending only p and n, and 7 > 0 depending only on 
p, i, n and p such that 

w > j in Qt-. 

Meanwhile, since w < W, we have 

w < W — w. 


This implies that 


W — w > ^ in Qr- 


Therefore, we have 

Vtt • e + piVup < 1 + p — 7 'mQr- 
Since |Vu • e| < |Vu|, we have 

Vtt • e + p(Vu • e)^ < 1 + p — 7 in Qr- 


Therefore, 


V7 ^ -1 + \/l + 4p(l + P - 7 ) ^ 1 ^ 

Vu ■ e < -^- <1 — 0 inQr 


2p 


for some (5 > 0 depending only on p, p, i, n. 


□ 


The statement of Lemma 4.1 can be illustrated in Figure 1. 

If the condition (4.1) is satisfied in all the directions e G then we obtain the improvement 
of oscillation for all Vtt • e, which lead to the improvement of oscillation for |Vu|. See Figure 2 
and Corollary 4.2. 
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Figure 1: Improvement of oscillation for Vu • e. 




Figure 2: Improvement of oscillation for |Vu|. 


Vu 






Corollary 4.2. Let u be a smooth solution of {23) such that \S/u\ < linQi. ForeveryO < i < 1, 
/i > 0, there exist r G (0,1/4) depending only on p and n, and (5 > 0 depending only onn,p, p, i, 
such that for every nonnegative integer k, if 

|{(x, t) G Qp : Vu ■ e < — (5)*}| > p\Qp\ for all e G and i = 0, • • • , fc, (4.2) 


then 

|Vu| < (1 — in Q^^+i for all i = 0, • • • ,k. 

Proof When z = 0, it follows from Lemma 4.1 that Vu ■ e < 1 — (5 in Q,- for all e G This 
implies that |Vu| < 1 — (5 in Qr- 

Suppose this corollary holds for i = 0, • • • ,k — 1. We are going prove it for i = k. Let 


Then v satisfies 


vt = Av + {p - 2) 


VjVj 

|Vu|2 + e(l 


in Qi. 


By the induction hypothesis, we also know that | Vu| < 1 in Qi, and 


\{{x,t) ^ Qi'-Vv ■ e < €\\ > p\Qi\ foralleGS"" 
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Therefore, by Lemma 4.1 we have 


Vv ■ e < 1 — 6 in Qt for all e G ^. 
Henee, | Vr;| < 1 — (5 in Q,-. Consequently, 

|Vri| < (1 - <5)^+^ ing^fc+i. 


□ 


4.2 Using the small oscillation 

Unless |Vtt(0, 0)| =0, the eondition in (4.2) will fail to be satisfied after finitely many steps of 
sealing in some direetion e G in whieh we will then show that u is elose to some linear 

funetion so that Theorem 2.7 ean be applied. See Lemma 4.4 and Figure 3. 

Before that, we need a lemma whieh states that for a solution of a uniformly parabolie linear 
equation, if its oseillation in spaee is uniformly small in every time sliee, then its oseillation in the 
spaee-time is also small. 

Lemma 4.3. Let u G C{Qi) be a solution of (2.1) satisfying (2.2) and A is a positive constant. 
Assume that for all t G [—1,0], we have 


OSCBiU{-,t) < A, 


then 

oscq.^u < CA, 

where C is a positive constant depending only on A and the dimension n. 

Proof Let w{x, t) = a + bnAAt + 2yl|xp, where a is ehosen so that w{-, —1) > uf, —1) and 
w{x, —1) = u{x, —1) for some x G Bi. If x G dBi, then 

2A = w{x, —1) — n ;( 0 , —1) < u{x, —1) — tt ( 0 , —1) < os,cb^u{- — 1) < A, 


whieh is impossible. Therefore, x £ Bi. 

We elaim that 

w > u inQi. 

If not, let m = — infg^ {w — u) >0 and ( xq , to) £ Qi be sueh that m = u{xq, to) — w(xo, to). 
By the ehoiee of d, we know that to > —1. Sinee uJ + m > u in Qi, w(xo, to) + m = u(xo, to) 
and oscbiU(-, tg) < A, by the same reason in the above, we have xq G i?i. Therefore, we have 
that 

(w + m)t - aij{x, t)dij{w + m) < 0 at (xq, fo)- 

This leads to 

5nAA < A A • Tr{aij) < 4nAA, 

whieh is impossible. This proves the elaim. 

Similarly, one ean show that for w(x, t) = a — 5nAAt — 2A|xp, we have 


w < u in Qi, 
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where a is chosen so that w{-, —1) < u{-, —1) and w{x, —1) = u{x, —1) for some x G Bi. 
Meanwhile, since 

w{x, —1) — wix, —1) = u{x, —1) — u{x, —1) < OSCBiU{-, —1) < A, 

we have 

a — a< (lOnA + 1)A. 

Therefore, we have 


oscqjU < suptD — inf n; < a — a + 4A = (lOnA + 5)A. 
Qi 


□ 


Figure 3: When |Vu(0, 0)| / 0. 



u is close to a linear function. 


Lemma 4.4. Let rj be a positive constant and u be a smooth solution of (2.1) satisfying (2.2). 
Assume |Vtt| < 1 everywhere and 

|{(x,f) G Qi : |Vm - e| > eo}| < 

for some e G and two positive constants Eq, £i. Then, ifsQ and £i are sufficiently small, there 
exists a constant a G M, such that 

\u{x, t) — a — e ■ x\ <rj for all (x, f) G Qi/ 2 - 

Here, both eo cind £2 depend only on n, A, A and rj. 

Proof Let f{t) := |{x G : | Vu(x, f) — e| > eo}|. By the assumptions and Fubini’s theorem, 
we have that f{t)dt < £ 1 . It follows that for E := {t € (—1,0) : f{t) > y/E[}, we obtain 

\E\ < f{t)(Tt < ^ J ^ f{t)dt < ^£ 1 - 

Therefore, for all f G (—1,0] \ E, with |i?| < we have 

|{x G Bi : \Vu{x,t) - e\> eo}| < (4.3) 


13 










It follows from (4.3) and Morrey’s inequality (see, e.g., Seetion 5.6.2 in the book [13]) that for all 
t G (—1,0] \ E, we have 

-e-x) < C{n)\\Vu - e||i 2 „(B^) < C'(n)(eo + ), (4.4) 

where C (n) > 0 depends only on n. 

Meanwhile, sinee |Vtt| < 1 in Qi, we have that oscBiu{-,t) < 2 for all t G (—1,0]. Thus, 
applying Lemma 4.3, we have that oscq-^u < C for some eonstant C. The funetion tt is a solution 
of a uniformly parabolie equation. By Theorem 2.4, we have 

II^IIc“(Qi/2) ^ ^ 

for some positive eonstants a and C depending only on A, A, n. Therefore, by (4.4) and the faet 
that \E\ < we obtain 

o%CB^i^{u{-,t) - e-x) < 67(60 + e^^) 

for all t G (—1/4,0] (that is, ineluding t G E). By Lemma 4.3, we obtain 

oscq^^^{u -e-x) < 67(eo + 6/" + e/), 

where 67 > 0 depends only on A, A, n. Henee, if eo and ei are suffieiently small, there exists a 
eonstant a G M, sueh that 

|u(f, x) — a — e ■ x\ < rj for all (x, t) G Qi/ 2 - 


□ 


4.3 Iteration 

In this seetion, we finish our proof of the following a priori estimates. 

Theorem 4.5. Let u be a smooth solution of (2.3) in Qi. Then there exist two positive constants 
a and 67 depending only on n and p such that 


Also, there holds 


I|V^^IIc“(Qi/2) ^ C'(II^^IIl°°(Qi) + e)- 


kt(x, t) — u(x, s) ^ ^,, , 

sup ^ < 67(||t(||2,°o(Qi) + 6). 

(x,t),(a;,s)eQi/2 T ~ ^ 


Proof. We first show the Holder estimate of Vtt at (0,0). Moreover, by normalization, we may 
assume that u(0, 0) = 0 and | Vu| < 1 in Qi. 

Let p be the one in Theorem 2.7 with 7 = 1/2, and for this p, let 60 , ei be two suffieiently small 
positive eonstants so that the eonelusion of Lemma 4.4 holds. For 6 = 1 — 6^/2 and p = £i/\Qi\, 
if 


|{(x, f) G (5i : Vu • e < 6 }| <//|(5i| for any e G S” 
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then 


\{{x,t) £ Qi : \Vu - e\ > eo}| < ei- 
This is because if |Vii(x, f) — e| > Eq for some (x, t) £ Qi, then 

|Vttp — 2Vu • e + 1 > Sq. 

Since |Vtt| < 1, we have 

Vtt • e < 1 — eo/2. 

Therefore, if £ = 1 — eg/2 and ^ = ei/|Qi|, then 

{(x, t) £ Qi : |Vri — e| > eo} C {(x, t) £ Qi : Vu ■€<£}, 

from which it follows that 

|{(x,f) G Qi : |Vtt - e| > eo}| < |{(a;,f) G Qi ■ Vn ■ e < £}\ < n\Qi\ < ei. 

Let r, 6 be the constants in Corollary 4.2. Let k be the minimum nonnegative integer such that 
the condition (4.2) does not hold. If /c = oo, then it follows immediately from Corollary 4.2 that 

|Vu(x, f)| < C{\x\ + \/\t\)^ for all (x, t) £ Qi, 

where C = (1 — (5)“^ and a = log(l — (5)/logr. 

If k is finite, then 


|{(x,f) G Q^-k : Vu ■ e < i{l — < /i|(5r*l for some e G S 


n—1 


Let 




Then v satisfies 


and 


Consequently, 


vt = Av + {p - 2)- 


ViVj 


-Vij mQi, 


|Vn|2+ e(l-,5)-2fc 
|{(x, t) £ Qi : Vv ■ e < l}\ < p\Qi\ for some e G 
|{(x,f) G Qi : |Vx - e| > eo}| < ei- 


Since condition (4.2) holds for k — 1, then | Vx| < 1 in Qi. It follows from Lemma 4.4 that there 
exists a G M such that 


|x(x, t) — a — e ■ x\ <rj for all (x, t) £ Qxj^- 
By Theorem 2.7 that there exists b £W^ such that 

I Vx -b\ < C{\x\ + y/if[) for all (x, t) £ (5i/4- 
Since |Vx| < 1 and |6| <1, there also holds 

|Vx — 6| < C'dxj + \/jf[) for all (x, f) G Qi. 
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Rescaling back, we obtain 

|Vit — (1 — 5)^h\ < (7(1 — 5)^t~^{\x\ + \/it[) < C{\x\ + ■\/|t[)'^ foi" {^i i) ^ Qr*- 
On the other hand, we know that 

I Vtt| < (1 — 5)* in Q^i and for alH = 0, • • • ,k. 


This implies that 

\Vu-il-5)’^b\ <C(|x| + v1^)" forall(x,f) G gi\Q^fe. 


Therefore, 

|Vri — (1 — < C{\x\ + ^/\t\)°' for all (x, f) G Qi. 

In conclusion, we have proved that there exist q G with |g| < 1, and two positive constants 
a, C such that 

|Vtt(x, t) — q\ < C{\x\ + \/\t\)°' for all (x, t) £ Qi. 

By standard translation arguments, it follows that 

II^^IIc“(Qi/ 2) ^ C'(||u||ioo(Q^) + e). (4.5) 

1 + Q: 

Now, we are going to prove the C 2 eontinuity of u in the time variable t. 

Let t G [—1/4,0) and r = \/\t\. For {y, s) G Qr, let 

w{y, s) = u{y, s) - u{0, 0) - Vw(0, 0) • y. 


By (4.5), we have 

\u{y, s) - u(0, s) - Vu(0, s)-yl < C{\\u\\l^(q^) + e)|y|^+", (4.6) 

Therefore, for yi,y 2 G Br, 

\w{yi,s) - w{y 2 ,s)\ 

= \u{yi^ s) - u{y 2 , s) - Vn(0, 0) • {yi - y 2 )\ 

< |(Vn(0, s) - Vii(0, 0)) • (yi - 2 / 2 )! + C{\\u\\lo.^q^) + e)r^+“ 

< (7(||ri||ioo(Q^) +e)|s|t|yi -y 2 \ +(7(||n|Ucx>(Qj) +e)r^+" 

< C(||ri||ioo(Q^) +e)ri+“, 

where in the first inequality we used (4.6) and in the second inequality we used (4.5). Since u 
satisfies (2.3), w satisfies a uniformly parabolic equation as well. By Lemma 4.3, we have 

oscq^w < (7(||n||ioo(Q^) +e)r^+“. 

In particular, 

|u(0,f) -ri(0,0)| < C{\\u\\loo(^q^) + e)\t\^. 

By sfandard franslafion argumenfs, if follows fhaf 


sup 

(x,t),(a;,s)eQi/2 


|rt(x, t) — u{x, s)| 


^ C{\\u\\l°°{Qi) + ^)- 


This finishes fhe proof of fhis fheorem. 


□ 
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5 Approximations and the proof of our main result 

This section is devoted to the final step of our proof of Theorem 1.1, that is the approximation 
step. 

Note that (2.3) is a uniformly parabolic quasilinear equation and its coefficients aij{q) as in 
(2.4) are smooth with bounded derivatives (for each value of e > 0). The next lemma follows 
directly from classical quasilinear equations theory (see, e.g.. Theorem 4.4 of [32] in page 560) 
and the Schauder estimates. 

Lemma 5,1, Let g G C{dpQi). Fore > 0, there exists a unique solution G C°°{Qi)r\C{Qi) 
of (2.3) such that = g on dpQi. 

We are now ready to prove Theorem 1.1 by taking e —)■ 0 in the a priori estimate of Theorem 
4.5. 

Proof of Theorem 1.1. Without loss of generality, we assume that u G C{Qi). Let u be its 
modulus of continuity in Qj. By Lemma 5.1, for e G (0,1), there exists a unique solution 
ye g C°°{Qi) n C{Qi) of (2.3) such that = u on dpQi. Moreover, it follows from Theo¬ 
rem 2.5 that there exists a modulus of continuity io*, which depends only on n, p, w, 11it || 1 . 00 ( 9 ^( 51 ), 
such that 


\v%x,t) -v%y,.s)\ < Uj*{\x-y\ V \/|s - t\) for all {x,t),{y,s) G Q^. 

By the maximum principle, 

lll'^llL'-fQi) < l|lt||Lo°(9pQi)- 

It follows from Ascoli-Arzela theorem that there exists a subsequence {v^'^} such that —)• n G 
C{Qi) uniformly in Qi as Ek —)■ 0. By the stability property in Theorem 2.10, n is a viscosity 
solution of (1.5). By the comparison principle in Theorem 2.9, we obtain that u = v'm Q^. 

On the other hand, it follows from Theorem 4.5 that, subject to a subsequence, converges 
in C'“(Qi/ 2 ) for some constant a depending only on n and p. Therefore, u is differentiable in x 
everywhere in Q 112 , and thus, converges to Vn in C'^{Qi/ 2 )- Since 

I|Vi’^''IIc“(Qi/2) — IIl“(Qi) + Efc) < C'(I|ii||l°°(Qi) 

where C > 0 depends only on n and p, we obtain 


by sending A: —)■ 00 . 

We also know from Theorem 4.5 that for all (x, f), (x, s) G Q 1 / 2 , there holds 

\v^^{x,t) -x^''(x,s)| < C(||n||ioo(Q^) + ek)\t - s\^. 

By sending /c —)■ 00 , we obtain 

\u{x,t) -u{x,s)\ 

sup -^-< C'IIuIIloo(q^). 

(x,t),(a;,s)e(2i/2 ~ sl 2 

This finishes the proof of Theorem 1.1. 


□ 
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A Appendix A 


In this section we provide a proof of Lemma 3.1 

Proof of Lemma 3.1. In the following, we denote V = |Vnp + First, 

p—2 

dt^p = pV^^Vu • Vut 

P —2 ( 0 1 

= pV^UkiAuk - 2{p - 2)V~ uiUkiUiUjUij + 2{p - 2)V~ UikUijUj 

+ ip- 2)V~^UiUjUijk^ 

= pV"^ {uk^Uk - 2{p - 2)V-^{A^uf + 2{p - 2)V-^\V^uVuf 

+ {p- 2)V~^UiUjUkUijk'^, 
where A^oU = 'fZi j UijUiUj. Secondly, 

p-2 

djip = pV 2 UkUkj, 

and therefore, 

p—4 P~2 P~2 

dijp = p[p-2)V^ uiUiiUkUkj +pV^ UkiUkj +pV^ UkUkij. 


Consequently, 


p — 4 p — 2 p — 2 

aij{Vu)dijip = p{p- 2)V^uiuiiUkUki +pV^UkiUki +pV^UkUku 


p—6 


+ p{p-2YV 2 UiUjUiUliUkUkj 

p —4 

+ p{p - 2)V^UkiUkjUiUj 

p — 4 

+ p{p- 2 )V^ UiUjUkUijk 

= 2p{p — 2)V^\V‘^uVu\‘^ + pl/^ I + pV^ UkAuk 
+ p{p - 2)^C V (AoouY 

p —4 


+ p{p-2)V 2 UiUjUkUijk 


Therefore, 


{dt - aij{Vu)dij)cp = pV^’i^ (p{2 - p){AoouY - \V^u\‘^V‘^'j < 0, 


where in the last inequality we used the Holder inequality that 

2 


{^AocU'j — I ^ ^ UijUiUj 




< 




y^ufu^j = |V\|2|Vri|^ < |V\|V2 




□ 
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B Appendix B 

In this second appendix, we shall prove the boundary estimates in Proposition 2.5. Recall that for 
two real numbers a and b, we denote aV b = max(a, b), a Ab = min(a, b). 

Lemma B.l. There exists a non negative continuous function f : M” x (— 00 , 0] —)■ M such that 

• V' = 0 in Bi X {t = 0}; 

• ipt — aij{x, > 0 in (M"" \ Bi) x (— 00 , 0 ]; 

• Ip > 1 in (M"" X (— 00 , 0 ]) \ {B 2 X [—1,0]), 
where aij{x, t) satisfies ( 2 . 2 ). 

Proof. Let v{x) = \/{\x\ — 1)+. It follows from elementary calculations that there exists 5 G 
( 0 , 1 ) such that 

—QijVij >1 for 1 < |x| < 1 + 5. 

Then f = min(5“^/^n(x) — f, 1) is a desired function. □ 

Lemma B.2, Let u G C{Qi) be a solution of (2.1) satisfying (2.2). Let {x,t) G dBi x (—1,0] 
be fixed, p be a modulus of continuity such that 

\u{y,s) - u{x,t)\ < p{\x - 2/1 V y/|f - s|) 

for all (y, s) G dp{Bi x (—1, t]). Then there exists another modulus of continuity p* depending 
only on n, A, A, p, \\u\\looi^q^q^-j such that 

\u{x,t) - u{y,s)\ < p*{\x - 2/1 V s/\t - s|) 
for all ( 2 /, s) G i?i X [—1, f]. 

Proof Fix r G (0,1). Let = (1 + r)x and tp be as in Lemma B.l. Define 

v{y, s) = u(x, t) + p{Sr) + 2 ||rr||^oo(g^Qj)V’ 

Then 

Vs — ttijVij >0 in D ;= {B^r{x) n Bi) x (—l,f]. 

For ( 2 /, s) G dpLl and \y — x\\/ ^J\s — t\ < 3r, then 

v{y, s) > u(x, t) + p(3r) > u(y, s). 

For (y, s) G dpfl and j// — x| V y^|s — f| > 3r, then 

v(y, s) > u(x, t) + 2 ||n||ioo(apQ,) = u{x, t) + 2 ||n||ioo(Qj) > u{y, s). 

It follows from the maximum principle that x > in D, i.e., 

{ y — Xr s — t\ 

p{3r) + 2||u||Loo(apQi)V’ I —-—, I > u{y, s) - n(x, t). 
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Similarly, one can show that 


/)(3r) + 2||u||Loo(a^Q^)V’ 



> u{x, t) 


u{y,s). 


Therefore, for {y, s) G Q. 

\u{x, t) - u{y, s)| < p(3r) + 2\\u\\Loo(^Q^Q^)i; • (B.l) 

It is clear from the definition of that (B.l) holds for {y, s) G {Bi \ B^rix)) x (—1, t] as well. 
Meanwhile 




where /) is a modulus continuity of ijj. Therefore, we have for {y, s) G i?i x [—1, t], 

\u{x,t) - u{y,s)\ < p{3r) + 2 \\u\\l^^o^q^)p{{\x -y\V y/|f - s|)/r). 

The conclusion then follows from the observation that 

P*id) = {p{3r) + 2||n||ioo(a^Qj)p(d/r)) 

is a modulus of continuity. □ 

Lemma B.3. Let f G [—1, 0) and u G C{Bi x [t, 0]) be a solution of (2.1) in Bi x (f, 0] satisfying 
(2.2). Let x ^ Bi be fixed, p be a modulus of continuity such that 

\u{y, s) - u{x, f)| < p{\x - 2/1 V y/|s - f|) 

for all {y, s) G dp(Bi x (t, 0]). Then there exists another modulus of continuity p* depending only 
on n, A, A, p and ||rr||L°o(9p(5jx(t,o])) 

\u{x,f) - u{y,s)\ < p*{\x - 2/1 V y/|s - f|) 

for all {y,s) £ Bi x [f, 0]. 

Proof Let h G C'°°(M’^) be a nonnegative function such that b = I inMT \ Bi and 6(0) = 0. Let 
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For (y, s) £ dp{Bi X {t, 0]) and |y — x| V ^/\s — t\ < r, then 

v{y, s) > u{x, t) + p{r) > u{y, s). 

For {y, s) £ dp{Bi x {t, 0]) and |y — a:| V y^|s — t\ > r, then either \y — x\ > r or |s — t| > r^, 

eaeh of whieh implies that 

v{y,s) > u{x,t) + 2||u||Loo(ap(B^xp,o])) = u{x,t) + 2\\u\\L^^Bix{t,o]) > u{y,s). 

It follows from the maximum prineiple that v > uin Qi, i.e., 

/ y — X s — t\ 

p(r) +2||u||i-(ap(Six(t,o]))0(^^, > u(y,s) -u(x,t). 

Similarly, one ean show that 

fy — ^ ^ 

p{r) + 2\\u\\L^^Q^(^Bix(t,0]))^[~^^ ~^) - 

Meanwhile 

^ ^ ^ ^((1^ - y| V ^J\s-t\)/r), 

where p is a modulus eontinuity of (j). Therefore, we have 

\u{x, t) - u{y, s)| < p{r) + 2 ||u||ioo(g^(Bjx(i,o]))P((k “ 2/1 V y/|s-f|)/r). 

The eonelusion then follows from the observation that 

P*id) = (p(r) + 2||u||ioo(a^(Six(t,0]))P(t^A)) 

is a modulus of eontinuity. □ 

Lemma B.4. Let u £ C{Qi) be a solution of (2.1) satisfying (2.2). Let {x,t) £ dBi x (—1,0] 
be fixed, p be a modulus of continuity such that 

\u{y, s) - u{x, f)| < p{\x - 2/1 V sj\t - s|) 

for all {y, s) £ dpQi. Then there exists another modulus of continuity p* depending only on 
n, A, A, p, ||ii||L“(apQi) 

\u{x,t) - u{y,s)\ < p*{\x - 2/1 V y/|f - s|) 

for all {y, s) £ Qi- 

Proof It follows from Lemma B.2 that there exists a modulus of eontinuity pi depending only on 

n, A, A, p, ||n||Loo(apQj) sueh that 

\u{x,f) - u{y,s)\ < pi{\x - 2/1 V y/|t - s|) 

for all {y,s) £ Bi x [—l,f]. Iff < 0, by applying Lemma B.3 to the eylinder Bi x (f, 0) and 
notieing that ||u||ioo(g^(Bjx(i,o])) < II^^IIl°°(Qi) < ||rt||i,oc(apQi), we eonelude that there exists a 
modulus of eontinuity p 2 depending only on n, A, A, p, ||u||^oo(apg^) sueh that 

\u{x, t) - u{y, s)| < P 2 (|x - 2/1 V y/\t - s|) 

for all {y, s) £ Bi x [f, 0]. Finally, the ehoice of p* = pi + p 2 is the desired one. □ 
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Corollary B.5. Let u £ C{Qi) be a solution of (2.1) satisfying (2.2). Let (x, t) £ dpQi be fixed, 
p be a modulus of continuity such that 

\u{y, s) - u{x, t)| < p{\x - 2/1 V y/|t - s|) 

for all (y, s) £ dpQi. Then there exists another modulus of continuity p depending only on 
n, A, A, p, ||ii||L°°(apQi) 

\u{x, t) - u{y, s)| < p{\x - 2/1 V y/|t - s|) 

for all {y, s) £ Qi- 

Proof It follows from Lemma B.3 and Lemma B.4. □ 

Proof of Proposition 2.5. Let (x, f), {y, s) £ Qi, and we assume that t> s. Let 

dx = mm(l — |x|, Vt + 1), 


and xo be such that |x — xo| = 1 — |x|. Let p be the one in the conclusion of Corollary B.5. 
Case 1: (1 — |x|)^ < (1 + t). Then dx = ^ — |x|. 

If {y, s) £ Bii^i 2 {x) X {t — ii^/4, t], then by the interior Holder estimates Theorem 2.4, 


we 


have 




\u{x,t) - u{y,s)\ 


'X~ 


< Cp{2dx)- 


{\x-y\ y 

Suppose that 2~^~^dx < \x — y\ V y/t — s < 2~'^dx for some integer m > 1. Then 

^~(2m+2(|x_y| V Vi - s)) 


Notice that 


|n(x, t) — u{y, s)| <C- 


pi{d) := C sup 

m>l 


Qma 

p{2^+‘^d) 


is a modulus of continuity, and therefore, 

|tt(x,f) - u{y,s)\ < pi{\x - 2/1 V Vi - s). 
If ( 2 /, s) 0 Bd^i 2 {x) x{t- d^/4, t], then 


u(x, t) - u{y, s)| < |u(x, t) - u{xo, f)| + |u(xo, i) - u{y, s)| 

< Kdx) + P{\xo - 2/1 V s/\t - s|) 

< p(2(|x - 2/1 V s/\t - s|)) + p((|x - 2/1 + dx) V \/|i - s|) 

< p(2(|x - 2/1 V s/\t-s\)) + p(3(|x - 2 /| V s/\t - s|)) 

< 2p(3(|x - 2/1 V s/\t - s|)). 
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Case 2: (1 — |x|)^ > (1 + t)- Then dx = t + 1. 

As before, if (y, s) G Bfi^i 2 {x) x {t — di^lA, f], then we have 


\u{x,t) - u{y,s)\ 
^ {\x -y\V y/t - s)“ 


< C\\u 


^(2;,-l)|lL-(Brf^(x)x(t-4,t]) < Cp{2dx), 


and therefore, 

|tt(x,f) - u{y,s)\ < pi{\x - 2/1 V Vt^). 
If {y, s) 0 B^^i^ix) X it- d\lA, t], then 


u{x, t) - u{y, s)| < |tt(x, t) - u{x, -1)1 + |tt(x, -1) - u{y, s)| 

< p{dx) + p{\x - 2/1 V s/ll + s|) 

< p{2{\x - 2/1 V s/\t-s\)) + p{\x - 2/1 V s/\l+t\) 

< p{2(\x - 2/1 V \/|f-s|)) + p(3(|x - 2 /| V s/\t - s|)) 

< 2p(3(|x - 2 /| V \/|f-s|)). 


□ 
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